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Abst ract - - ln  this note, we show that some standard Godunov type schemes cannot be both 
high-order accurate and convergent for every Cauchy problem of every scalar hyperbolic conservation 
law. 
Keywords--Conservation laws, Convergence of Godunov type schemes. 
1. INTRODUCTION 
In this note, a new version of an AHPCRC report [1], we consider convergence to the entropy so- 
lution of Godunov type schemes for Cauchy problems of nonlinear hyperbolic scalar conservation 
laws in one space variable 
wt +/ (w)x  = 0 
w(x, 0) = w0(x). (1.1) 
We say that (1.1) is a convex problem if f"(u) does not change sign. Otherwise, we say that it 
is a nonconvex problem. 
It is well known that the Cauchy problem (1.1) has a unique solution within the framework of 
entropy weak solutions (see [2]). 
Godunov-type schemes are a large class of highly efficient shock capturing methods for the 
problem (1.1). The original Godunov scheme [3], the MUSCL schemes [4,5], the PPM schemes [6], 
and ENO schemes [7-9], etc., belong to this class. 
First-order Godunov-type schemes including the original Godunov scheme and its extensions, 
monotone schemes and more generally, E schemes are convergent regardless of convexity of the 
problems (see, for example, [3,10-13]). 
Two building blocks are used in the construction of high order Godunov type schemes to 
prevent spurious oscillations and entropy violations: 
(i) nonoscillatory or essentially nonoscillatory econstruction, and 
(ii) entropy satisfying interface flux evaluations. 
Do these two building blocks guarantee convergence? For second-order Godunov type schemes 
approximating convex problems [14-17], etc., give some positive answers. 
About convergence of high order self-similar Godunov type schemes for nonconvex problems, 
little is known except he recent works on schemes that evolve not only the nodal values but also 
the derivatives of the reconstruction (see, e.g., [18]). 
In this note, we show that the aforementioned two building blocks do not always guarantee 
convergence of the schemes. More precisely, we show that for many  s tandard  Godunov  
type  schemes, h igh order  accuracy and convergence for all problems (1.1) cannot  be 
a t ta ined  s imultaneously.  
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2. THE RESULT 
We first discuss semidiscrete schemes. Then we present a simple argument to show that the 
same conclusion holds also for fully discrete ones. 
We partition the real line for the space variable into cells of equal size. The jth cell is centered 
at Xj = jh, where j = 0, fl, f2,. . . , and h is the space step size. We denote the numerical 
approximation to the exact solution W(zj, t) or its cell average on the jth cell @(zj, t) by uj(t), 
0 < t < 00. A semidiscrete conservative scheme is of the form 
where 
guj(t) = -i (Sj+1/2 -Sj-l/2) Y (2.1) 
gj+r/z = 9 (uj-p+r 7 uj-p+2, * . * 7 uj, * ’ -7 uj+p, h) . (2.2) 
g is Lipschitz continuous with respect to its first 2p arguments and is consistent with the conser- 
vation law in the sense that 
g(%%..., u, h) 3 f(u). (2.3) 
The scheme is similarity invariant if g is independent of h. 
The two building blocks which distinguish Godunov type schemes are used to evaluate the 
numerical flux gj+l/z(t). 
The first building block is the reconstruction. For any fixed t, we construct a piecewise polyno- 
mial R(x, 2~): The restriction of R(x, u) to each cell xj-112 = zj - h/2 < x < x~j + h/2 = x~+~/Z, 
denoted Rj(x, u), is a polynomial of certain (usually fixed) degree. 
For the scheme to be self-similar, Rj (CC, u) has the form 
(2.4) 
Namely, P(5, uj-p+l, . . . , Uj+p-1) does not depend on the step size h. The function P is usually 
nonlinear. We assume that the dependence is homogeneous of degree 1: For any real constant (Y, 
P (5, Quj-p+l, * * * t auj+p-1) = CYp (5,“j-p+l,...,Ilj+p-l) 7 (2.5) 
where I</ < l/2. This is not a severe restriction, for all major schemes atisfy this assumption. 
The reconstruction is monotonicity preserving if R(x, u) monotone increases (respectively, de- 
creases) in x when uj monotone increases (respectively, decreases) in j. 
Since R(s,u) is in general discontinuous at the cell interfaces x~+~I~, we need the second 
building block to complete the evaluation of gj+r/z. Let f(w-, w+) be the numerical flux of any 
three-point scheme satisfying the cell entropy conditions. We define 
,. 
gj+l/2 = f uy+1/2’ u.i+1/2 ’ 
( > (2.6) 
where u;+~,~ = R(zj+r/s f 0, u). 
Since the largest class of three-point schemes that satisfy the cell entropy conditions for all 
entropy functions is that of E schemes, we hereafter only use the fluxes of E schemes to evaluate 
the interface flux of the Godunov type schemes. For completeness, let us recall the definition of 
E schemes (see [12)). Denote by fG(a, b) th e numerical flux of the Godunov scheme. Namely, 
fG(a,b) = { mi%<~<b f(t) if a < h - - 
mfAXb<(<a f(t) if b < a. 
An E scheme is a one whose numerical flux fE(a, b) satisfies 
(a - b) (fE(a, b) - fG(e, b)) > 0. 
(2.7) 
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The numerical f ux fE (a, b) of an E scheme is said to be not explicitly viscous if fE (a, b) = fG (a, b) 
when f (w)  is linear on the interval min(a, b) < w _< max(a, b). Otherwise it is said to be explicitly 
viscous. It is easy to check that the Godunov flux and the Engquist-Osher flux are not explicitly 
viscous, while the Roe flux with entropy fix and the Lax-Fridriches flux are. 
Consider the Godunov type schemes that satisfy the following conditions: 
(i) They are similarity invariant. 
(ii) The reconstructions are monotonicity preserving, homogeneous of degree one, and are 
dependent on neither the step size nor the exact flux f. 
(iii) The interface flux evaluation are based on E fluxes which are not explicitly viscous. 
The following theorem is the main result of this note. 
THEOREM 1. A Godunov type scheme satisfying all the conditions (i)-(iii) is at most first-order 
accurate if it converges for all problems of the form (1.1). 
REMARK 2. Notice that in [14], Osher showed that if a conservative scheme satisfies the cell 
entropy inequalities for all convex entropy functions, it degenerates to a first-order E scheme. 
However, the cell entropy inequality is not a necessary condition for convergence (see [16]). 
Hence, the theorem is not a consequence of Osher's result. 
PROOF OF THEOREM 1. Consider any Godunov type scheme that satisfies the conditions (i)-(iii), 
and converges for all problems of the form (1.1). Since the reconstruction is homogeneous of
degree one, it suffices to show that if 
~j-p4-1 <-- Vj-p-4-2 ~ "'" <~-- Vj+p-1, 
then Rj(x ,v)  - cj where cj is a constant. Without loss of generality, let j = 0. Then Ro(x,v) 
increases in x because the reconstruction is monotonicity preserving. We assume that 
vj----wt, for j < l -p ,  
and 
vj=-wr,  for j >p-  1. 
We need to show that v+1/2 = v+_1/2 , where V~±l/2 = R(xj+h/2 T 0, v). Assume that this is not 
true. Then 
wj < v+1/2 < v+1/2 <_ wr. 
We use the said scheme to solve the following problem of the form (1.1). The initial condition of 
the problem is given by 
j" wl fo rx<0,  
wO(x) l wr for x > 0. 
The flux f (w)  is chosen to be the one whose graph is illustrated by Figure 1 where the solid curve 
is the graph of f (w) .  f (w)  = c except for w E (a, b) on which f (w)  < c. a and b satisfy 
V+l/2 < a < b < v+1/2. 
We choose {uj(0)}~ffi_oo = {vj}~¢=_¢¢ to be the initial condition of the numerical solution. Since 
the reconstruction is monotonicity preserving, we have that 
Vf+l/2 < V++l/2 < a for j < -1, 
and 
b < v~-+l/2 _< V++l/2 for j > 0. 
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Figure 1. The graph of f(w). 
W 
Figure 2. The exact solution of the Riemann problem. 
Hence if v'~+l/2 < w < + _ _ v j+l /2 ,  f (w)  - c for all integer j.  Therefore, gj+l/2 = c, for all j because 
the building block is not explicitly viscous. The finite difference quation (2.1) now degenerates 
to 
duj  (t) = 0, for all j, 
dt 
and the numerical solution is stationary. When h tends to zero, the numerical solutions converge 
to the stationary shock 
Swl  fo rx<0,  
W(x,  t) (2.S) / wr for x > 0. 
However, the exact solution illustrated by Figure 2 contains two discontinuities separated by a 
rarefaction wave (see [12]). Hence, the numerical solutions fail to converge to the entropy solution, 
which contradicts an previous assumption of the scheme. The theorem is thus proven. | 
REMARK 3. Since in the exact solution of hyperbolic onservation laws, informations propagate 
in finite speed, the above theorem is also valid for the fully discrete schemes of the form 
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u n+l = A .  E (Tn) • Ru  n (2.9) 
if T n tn+ 1 _ tn is sufficiently small. Here u k k co = = {uj  }j=_co is the numerical solution at t = t k, R is 
the reconstruction operator, E(t) is the exact solution operator defined by E(t)w(-, 0) = w(-, t) 
for the exact solution w(x ,  t), and A is the cell average operator: 
1 /x j+ l l2  u(x) dx. (A . u) j  = -~ "xJ-,12 
REMARK 4. From the proof of the Theorem 1, one can see easily that  many standard high order 
Godunov type schemes including MUSCL schemes, the PPM schemes, and the ENO schemes 
may not converge for all problems if the underlying E fluxes are not explicitly viscous. Proof or 
disproof of Theorem 1 for the cases that  the underlying E fluxes are explicitly viscous, or the 
flux f is monotone, or the initial conditions are smooth, are challenging open problems. 
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